Scattering of sound by finite and infinite chains of equally spaced perforated metallic cylindrical shells in an ideal (inviscid) and viscous fluid is theoretically studied using rigorous analytical and numerical approaches. Due to perforations, a chain of thin shells is practically transparent for sound within a wide range of frequencies. It is shown that strong scattering and redirection of sound by 90
I. INTRODUCTION
Periodic chains of highly symmetric scatterers, cylinders or spheres, may serve as waveguides for electromagnetic waves [1] [2] [3] . If the neighboring scatterers interact through the near-field plasmonic field, such a chain effectively transverses electromagnetic energy. In a linear chain, however, the Joule losses are accompanied by radiative [4] [5] [6] [7] [8] and collisionless nonradiative losses (Landau damping) [9] . In the case of acoustic waves, the interaction between two neighboring scatterers is much weaker due to the lack of an acoustic analog of gap plasmon resonance. However, in contrast with the dielectric permittivity, there are more possibilities to manipulate the density, elasticity, and viscosity of the scatterers, that allows one to predict and observe transport properties specific for sound waves.
Periodic chains of scatterers with internal structure (mass-in-mass units) may serve as a waveguide for mechanical energy, and also exhibit negative mass density [10] . Metamaterial behavior, where both the effective mass and the elastic modulus are negative, was predicted for a chain consisting of elastic mass-in-mass units with lateral resonances [11] . The dispersion curve of a chain of acoustic Helmholtz resonators (soda cans) with two scatterers per unit cell has a passing band within a hybridization gap where the effective index of refraction becomes negative [12] . These and other examples [13, 14] demonstrate that acoustic interactions between scatterers may * Electronic address: Arkadii.Krokhin@unt.edu be sufficiently strong, leading to a variety of metamaterial properties.
At the same time, periodic structures with artificially weak scatterers are not less interesting since they allow observation of very delicate effects originating from interference between the scattering pattern of a single scatterer and collective wave motion resulting from periodicity [15] . Here, we would like to mention the so-called acoustic Poisson-like effect in the scattering of sound by periodic arrangement of cylindrical shells, predicted in Ref. [16] . This effect of 90
• -redirection of acoustic energy becomes possible due to resonant excitation of an antisymmetric mode polarized in the direction perpendicular to the incoming sound. Periodic displacement of the cylindrical surface at the resonance resembles the Poisson effect in an elastic solid, which elongates under squeezing. Excitation of the antisymmetric mode occurs if the the strongest monopole and dipole terms in sound-matter interaction are switched off. This can be done by matching the density and elastic modulus of the solid shell to those of the background fluid [17, 18] . As a result, the normally deaf antisymmetric collective mode is excited through the non-isotropic quadrupole term in the scattering cross-section, giving rise to propagation of sound waves in the direction perpendicular to incident wave [16] . Here, the weakness of scattering is not the physical reason of the Poisson-like effect itself, but it is the necessary condition for its observation.
A quite different physical reason leads to a similar effect of 90
• -redirection of sound by a linear chain of perforated metallic cylindrical shells predicted in Ref. [19] . A perforated object serves as a weak scatterer if the radius of perforations r greatly exceeds the thickness of the viscous layer δ = η 0 /ρ 0 ω, where η 0 is the dynamic viscosity of the fluid, ρ 0 is the fluid density, and ω is the frequency of sound. Since a single perforated cylindrical shell is a weak scatterer without internal resonances, a periodic linear chain of perforated shells turns out to be almost transparent for sound at normal incidence [19] . However, anomalously low transmission was numerically predicted for the frequencies associated with the Wood's anomaly, which for this case occurs when the wavelength λ becomes close to the period d of the chain. Here, we propose the microscopic mechanism of this low transmission, which is due to resonant interaction of the external plane wave with a symmetric leaky eigenmode, and also explain why the condition λ ≈ d holds.
For this purpose, we develop a theory of scattering of external plane waves by a linear chain of perforated cylindrical shells with finite and infinite numbers of scatterers in viscous and ideal (inviscid) fluid. A method of expansion over cylindrical waves applied here leads to an infinite set of linear equations for partial transmission and scattering amplitudes. Also, a transcendental equation for the dispersion law of the eigenmodes is derived and numerically solved for the few lowest bands. Because of weak scattering, the band structure is close to that obtained in the empty-lattice model. Away from points of degeneracy, the dispersion is practically linear with speed equal to the speed of sound in the background fluid. However, at the Γ-point and at the edges of the Brillouin zone the doublets of levels are formed due to level repulsion. The eigenfunctions corresponding to the components of the doublet are either symmetric or antisymmetric functions of coordinates. Since at normal incidence only the symmetric mode can be excited, the antisymmetric mode turns out to be a deaf mode [20, 21] . At normal incidence, a sharp minimum in the transmission spectrum appears when the frequency of the external wave coincides with the frequency of the symmetric component, which turns out to be the lower level of the doublet.
Excitation of the eigenmodes by an external plane wave is possible since the spectrum of eigenfrequencies is complex, i.e. all the eigenmodes of a linear chain are leaky modes radiating acoustic energy into the background fluid. An excited eigenmode transmits energy along the chain, i.e. the initial flux of energy is partially redirected by 90
• . The effect of redirection of acoustic energy was recently predicted not only for periodic systems of scatterers [16, 19, 22] but also for a narrow fluid channel in a solid elastic plate [23, 24] .
Resonant interaction of the external wave with both eigenmodes -symmetric and antisymmetric -can be realized at oblique incidence. Even at small angles of incidence, the symmetry of the incoming front is broken by a nonzero component of the wave vector k || along the chain which allows excitation of the antisymmetric eigenmode. Excitation of any eigenmode in the chain requires matching of the Bloch vector of this eigenmode q and the parallel component k || of the wave vector in the incoming wave. The direction of propagation of acoustic energy is given by the vector of group velocity. For the symmetric mode possessing anomalous dispersion the redirected energy propagates against k || , and for the antisymmetric mode with normal dispersion the energy runs in the direction of k || . Since at small angles of incidence the matching condition k || = q is satisfied for close frequencies, a chain of perforated shells may serve as a splitting antenna that redirects the higher-frequency harmonic of incoming signals along the direction of k || and the lowerfrequency harmonic in the opposite direction. Our calculations show that anomalous scattering, redirection, and splitting of sound are robust with respect to viscosity. In particular, the viscosity of air does not undermine the pattern of anomalous scattering.
II. SCATTERING PROBLEM FOR A FINITE-LENGTH LINEAR CHAIN OF PERFORATED CYLINDRICAL SHELLS
Let a plane wave be scattered by a line of 2N + 1 evenly spaced cylindrical shells. The shells' axes are centered along the y-axis at the points y n = nd, n = 0, ±1, ±2, . . . , ±N . The wave vector k = (k x , k y , 0) of the pressure plane wave p(r, t) = p 0 exp(ik · r − iωt) makes an angle θ with axis x, see Fig. 1 . The cylindrical shells are produced by rolling up perforated plates. Within the interval of parameters which we will use, the impedance of a flat plate perforated by circular holes can be approximated by [25] 
Here h = a − b is the thickness of the shell with a and b being the outer and inner radii respectively, σ is the perforation filling fraction, and s = r/δ = r ρ 0 ω/η 0 is the perforate constant, which takes large values, s ≫ 1, due to low viscosity η 0 and relatively large radius of perforations r. In the limit of an ideal fluid (inviscid, s = ∞) the impedance (1) becomes pure imaginary
While Eq. (2) was originally derived for a flat perforated plate, it turns out to be valid for cylindrical shells as well provided the wavelength exceeds the diameter of the perforations. Scattering by a perforated shell and by a shell with effective impedance (2) was studied numerically and experimentally in Refs. [26] [27] [28] . In each of these publications a good agreement was reported for a wide range of frequencies.
In numerical calculations, we use the same material parameters that were proposed in experimental and numerical study in Refs. [19, 27] , namely: a = 4.00 cm, Scattering of waves by an infinite periodic chain of cylinders is one of the classical problems of theory of diffraction. For conducting cylinders illuminated by an electromagnetic wave the expansion of the scattered field was proposed in Ref. [8] . For sound waves, the field distribution resulting from diffraction in a periodic array of solid spheres in fluid was calculated in Ref. [29] . A similar problem for elastic waves scattered by a monolayer of elastic spheres was solved in Ref. [30] . In these studies, the chain of scatterers was considered to be infinite, i.e. the Bloch theorem was applicable. Here, we first calculate the acoustic field scattered by a finite-length chain. A periodic infinite chain is analyzed in the next section.
The incoming pressure plane wave p(r, t) can be expanded over cylindrical waves. Using the relation between the Cartesian and polar set of coordinates centered at y = y n shown in Fig. 1 we obtain
Here k = ω/c 0 . The factor e −iωt is omitted in further calculations. The field scattered by a system of shells is written as a superposition of outgoing cylindrical waves radiated by each scatterer. We write this field in polar coordinates centered at x = y = 0
Here index l ′ numerates the shells in the chain and H n denotes the Hankel function of the first kind. If the chain is infinite, summation over l ′ runs from −∞ to ∞. Otherwise, the sum includes only a finite number of terms. The relation between the polar coordinates r = r 0 , ϕ = ϕ 0 and r l , ϕ l is obtained from Fig. 1 ,
To express the scattered field in terms of polar coordinates of the system centered at the lth cylinder (r l , ϕ l ) we apply Graf's addition theorem
It is valid for l ′ = l and r l < |l − l ′ |d. Now the scattered field p sc in Eq. (4) can be rewritten in terms of only one pair of coordinates r l , ϕ l (r l < d), linked to the position of the lth cylinder
Pressure inside the lth cylinder is expanded over the Bessel functions
The values of pressure in the incident wave (3), scattered wave (7), and the wave which penetrates inside the shells (8) are connected through the boundary conditions. For a thin perforated shell characterized by acoustic impedance Z p the normal component of velocity remains continuous at the fluid-solid boundaries. The value of the velocity itself is proportional to the jump discontinuity of the pressure,
Here the radial velocity in fluid is
The velocity at the outer, r l = a, and inner, r l = b, shell's surfaces is given by pressure p + p sc and p in , respectively. Since the pressure in Eqs. (3), (7), and (8) is presented in the form of Fourier expansions over e inϕ l , the boundary conditions (9) can be written for the Fourier coefficients. This leads to the following set of linear equations which now does not contain angle ϕ l :
For calculation of the scattered field only the coefficients B ln are necessary. Eliminating the unknown C nl from equations (11) we get the set of linear inhomogeneous equations for B ln
where
Solution of the linear set (12) gives the distribution of the scattered acoustic field Eq. (6) for any finite number of shells. This set of equations was solved numerically for different number of cylinders 2N + 1 in the chain. Then the transmission coefficient (14) was calculated and plot in Fig. 2 . Here p tot (x, y) = p+p sc and v tot,x (x, y) = −(i/ωρ 0 )∂p tot /∂x are the the total pressure and the x-component of the total velocity, respectively. The transmission spectrum was calculated for inviscid air [see Eq. (2)] and for air with its real viscosity. In accordance with the numerical results obtained in Ref. [19] the transmission coefficient is very close to one within a wide range of frequencies. The only minimum is observed around 3 kHz. It is demonstrated in the next section that this minimum is due to resonant coupling of the incident wave to one of the eigenmodes of the chain. Viscosity reduces the deepness of the minimum and also leads to visible red shift of the resonance.
Since the scattering at perforated shells is quite weak, the spectrum of eigenmodes is established for a sufficiently long chain. Otherwise, the collective behavior of the eigenmodes is weakly manifested which leads to a very shallow minimum in the transmission. The spectra for relatively small number of shells are shown in Fig. 3 . For a chain of 15 cylinders the minimum is hardly seen, while here the viscosity is neglected. In short chains, adding the viscosity will completely undermine the resonance. The resonant minimum becomes deeper and sharper with the number of scatterers. The position of the minimum is blue-shifted approaching 3078 Hz which is the first non-zero frequency at the Γ-point in the 1D band structure of the infinite periodic chain of shells imbedded in inviscid air. It is interesting to note that the deepness of the minimum is less sensitive to the number of scatterers than the position of the resonance. This can be seen from the inserts to Fig. 3 where the transmission at minimum approaches zero faster than the resonant frequency approaches its limiting value of 3078 Hz.
III. SCATTERING BY AN INFINITE PERIODIC CHAIN
For infinite periodic chain of scatterers the Bloch's theorem is applicable. Then, the unknowns B ln are related to the values B 0n associated with the central shell at y = 0
Substituting this relation to Eq. (12) and renormalizing the unknowns leads to the following set of linear equa- tions for the coefficients b n = i −n B 0n :
Here
A similar set of equations was obtained in Ref. [8] for scattering of electromagnetic wave at an infinite periodic chain of metallic cylinders. The eigenmodes of an infinite chain of shells are the nontrivial solutions of Eq. (16) in absence of incident wave (p 0 = 0). Thus, the dispersion relation ω = ω(q), where q = k y , is obtained by equating to zero the determinant of the corresponding homogeneous linear set
Direct calculation of the matrix elements F (n ′ − n) requires summation of slowly converging series of cylindrical functions in Eq. (17) . It was shown in Ref. [31] that these series can be identically replaced by the series with fast convergence. The necessary formulas, which also were used in Ref. [8] , are given in Appendix A.
The numerical solution of this dispersion equation for the few lowest bands is presented in Fig. 4 . Since perforated shells are weak scatterers, the dispersion curve (blue dots) is very close to the band structure obtained in the empty-lattice model, shown by the straight broken line (red). Only at the Γ-point q = 0 (and at the edge q = π/d) the effect of level repulsion leads to gap opening of 35 Hz and essentially nonlinear dispersion, see the left insert to Fig. 4 . It is shown in Appendix B that near the point of degeneracy, f = 3078 Hz, the upper and lower bands exhibit different behavior. In particular, the gap opening is strongly asymmetric and the group velocity vanishes at q = 0 only for the lower band. There are also some singularities in the dispersion of the upper band which are not resolved in Fig. 4 . They are shown in the insert to Fig. 10 . Away from the Γ-point the dispersion of the both bands is practically linear but it is normal for the upper band and anomalous for the lower one.
For real values of the wavevector q all the solutions ω(q) = 2πf (q) of the transcendental equation (16) are complex. This means that the acoustic eigenmodes of an infinite chain of shells are leaky modes, even if the viscosity of the fluid is neglected. The imaginary part of frequency describes weak radiative decay, i.e. the acoustic eigenmodes are not strongly localized near the chain. However, since the decay is very slow the leaky eigenmodes are long-living excitations. The imaginary part is negative, Im f < 0, in order for the time-dependent factor e −iωt to decay with time. The rate of radiative decay |Im f | is at least two orders of magnitude smaller than the frequency of sound f ≈ Re f as it can be seen from the right insert to Fig. 4 . For the frequencies near the Γ-point the rate of radiative decay is about 1-3 Hz, i.e. it practically does not contribute to the width of the resonance minima observed in Figs. 2 and 3 . The plots in Figs. 2 and 3 show that the width of the resonance is defined mainly by viscosity and by the length of the The transmission vanishes exactly at f = 3078 Hz, which is the frequency of the lower level in the doublet. Numerical results show that the pressure is distributed symmetrically (antisymmetrically) over the y-axis for the eigenstates belonging to the lower (higher) level of the doublet. Only symmetric modes can be excited by external plane wave at normal incidence. The upper level, being an antisymmetric mode, cannot be excited and for this geometry it is referred to as deaf mode [20, 21] . Direct excitation of the symmetric mode in one-dimensional chain of scatterers leads to practically 100% suppression of transmission, with about 85% of energy being reflected back and 15% of energy being evenly redirected by ±90
• into two opposite directions along the chain.
In a sonic crystal of elastic rods proposed in Ref. [16] the redirection of sound occurs due to the Poisson-like effect. The effect deals with excitation of one of the antisymmetric deaf modes, which becomes accessible due to its coupling to flexural resonances of a rod through an evanescent mode. Since in this case the excitation is indirect, maximum 46% of acoustic energy is reflected or redirected at the frequency of the mid-gap.
It is important to note that the resonance in a chain embedded in a viscous air is only weakly broadened and slightly red shifted by dissipation, see the thin line in Fig. 5 . Because of viscosity the transmission at the resonance becomes finite while still about 80% of acoustic energy is either reflected or redirected due to excitation of the symmetric leaky modes of the chain. Since the leaky modes are not proper spectral modes, they interact with the environment and can be excited by external sound. Also, since Im f ≪ ∆f ≪ Ref the resonant excitation is well established.
IV. ANOMALOUS SCATTERING AT OBLIQUE INCIDENCE
At oblique incidence the symmetry of the incoming wave is broken and both eigenmodes (symmetric and antisymmetric) can be excited. Therefore, the transmission spectra in Fig. 6 exhibit two minima. Each minimum is observed at the frequency where the matching condition for the wave vectors
is satisfied. Matching of the tangential components of the wave vectors is known as the manifestation of Wood's anomaly, see, e.g., Ref. [34] . In the reduced zone scheme this condition is satisfied for several frequencies. For example, in Fig. 4 this condition is satisfied at the points of crossing of two straight dashed lines, corresponding to the angles of incidence θ = 5
• and θ = 15
• , with the dispersion curves. For θ = 5
• two crossings are shown at f ≈ 2.85 kHz and f ≈ 3.40 kHz. The transmission minima in Fig. 6 occur near these frequencies. The frequency interval between these minima is about 550 Hz that significantly exceeds the width of each minimum as well as the width of the doublet at the Γ-point. That is why each minimum is well-resolved. Strong separation of the minima is due to different dispersion of the upper and lower bands, which are the continuations of the levels of the doublet at the Γ-point. For the upper (antisymmetric) band the dispersion is normal, whereas it is anomalous for the lower (symmetric) band, i.e. the phase and group velocities of this eigenmode have opposite directions.
At normal incidence, θ = 0 • , Eq. (19) is formally satisfied at any non-zero frequency where the dispersion curve in Fig. 4 crosses the vertical line q = 0. However, the minimum in the transmission spectrum (Wood's anomaly) appears only at the frequencies corresponding to the symmetric modes. Since the dispersion curve in Fig. 4 is very close to the linear dispersion in water, the Wood's anomaly in Fig. 5 is observed at the wavelength of 11.1 cm that practically coincides with the period of the chain, d = 11 cm.
Due to different dispersion, the scattering of incident waves by a chain of perforated cylinders exhibits an interesting anomaly. For both eigenmodes the direction of their phase velocities coincides with the direction of the wave vector q = qŷ, which is obtained from Eq. (19) . However, the group velocity for the lower band is opposite to q that leads to scattering of the incoming wave in the "wrong" direction.
The angular distribution of intensity of scattered sound for θ = 5
• is plot in Figs. 7 and 8 . In Fig. 7 , the frequency of the incoming wave is 3.40 kHz that allows coupling with the upper band shown in Fig. 4 . Since this band has normal dispersion, the maximum of the scattered field is pointed towards the direction of the parallel component k yŷ of the wave vector in the incoming wave. For the frequency f = 2.85 kHz, the matching condition (19) is satisfied for the lower band with anomalous dispersion. As a result, the maximum of intensity points against k yŷ , thus producing anomalous pattern for the scattered field in Fig. 8 . Viscosity of air reduces the intensity of the scattered field in all the directions. Polar diagrams for viscous air are shown by green-dashed lines in Figs. 7 and 8. It is clear that the coupling to the eigenmodes remains effective, leading to the well-pronounced peaks in the normal and "wrong" directions.
For the angles of incidence θ ≥ 5
• the intensities of the normal and anomalous scattering do not differ much. This can be seen also from the values of the transmission coefficients in the minima in Fig. 5 where the lower-frequency dip is only 10% stronger than the higherfrequency one. For angles smaller than 5
• the anomalous scattering dominates since the eigenmode with normal dispersion cannot be excited at θ = 0
• because of its antisymmetric nature. When θ → 0
• the frequency interval between two resonant minima in the transmission spectra approaches the width of the doublet, while at the same time the minimum corresponding to normal scattering gradually vanishes.
The plots in Figs. 5-8 clearly demonstrate that a periodic chain of weak scatterers may redirect the incoming sound beam by an angle of about 90
• if the frequency and the angle of incidence satisfy the matching condition (19) . Moreover, a chain may serve as a splitter of bifrequency acoustic signal. Let an acoustic beam formed by mixing of two monochromatic components hit a chain at a certain angle θ. If the frequencies match the condition (19) , the beam will be split into two monochromatic signals propagating along the chain in the opposite directions. If the detuning between the components is quite small (beats) the crossing of the straight line with the dispersion curves in Fig. 4 occurs very close to the Γ- point, that corresponds to almost normal incidence. In this case, the efficiency of splitting is reduced since the intensity of the redirected high-frequency component is suppressed.
In Fig. 9 we show the splitting of a bi-frequency signal when it hits the chain at the angle of 10
• in ideal (panel (a)) and viscous (panel (b)) air. The frequencies of the monochromatic components, 2625 Hz and 3715 Hz, are obtained from the band diagram in Fig. 4 . Since the chain contains only 25 shells and the angle of incidence is not very small, the essential part of acoustic energy propagates directly through the chain. Nevertheless, a clear pattern of split fringes is observed even for viscous air. The efficiency of splitting is quite good for a pure mechanical splitter, for ideal (viscous) air 8% (5%) of energy is converted into the low-frequency component, propagating down (anomalous scattering) and 10% (7%) of energy is converted into the higher-frequency component, propagating up (normal scattering).
V. CONCLUSIONS
In summary, we have demonstrated redirection and splitting of sound waves impinging a periodic chain of thin perforated cylindrical shells. These conclusions have been obtained using an analytical approach to the problem of diffraction of sound by a periodic chain of perforated cylindrical shells, which has been developed here. Scattering at the shells is described in impedance approximation, which is applicable for both lossless and viscous background fluid. The dispersion equation for the eigenmodes of an infinite periodic chain is derived and its complex solutions are obtained numerically for • and the background air is inviscid (a) and viscous (b). The central part of the diffraction pattern (shown in grey) is a mixture of two sound waves with frequencies f1 and f2. The red and blue fringes are the split monochromatic components. The low-frequency component (red) exhibits anomalous scattering, propagating against the "natural" direction. aluminum perforated shells in air. Since these shells are only weak scatterers of sound, the eigenmodes are leaky waves propagating with phase velocity close to the speed of sound in air, and they slowly decay due to dissipation and radiation. The transmission coefficient is calculated for infinite and finite-length chains within a wide range of frequencies. At normal incidence, the coupling to the lowest symmetric eigenmode gives rise to a deep minimum in the transmission. In this geometry, the antisymmetric mode, which is close in frequency, is not excited and the incoming wave is equally redirected along the chain in both directions. At oblique incidence, the external wave can be coupled to both symmetric and antisymmetric modes that leads to two deep minima in the transmission spectrum which are well-resolved for viscous air. Here anomalous scattering is strongly manifested because the symmetric mode exhibits anomalous dispersion while for the antisymmetric one the dispersion is normal. We find that resonant coupling of external sound to the symmetric mode results in strong scattering of acoustic energy along the chain in the "wrong" direction with respect to the direction of incidence. Finally, we show that due to different dispersion of symmetric and antisymmetric modes a sound beam consisting of two (or more) monochromatic components can be effectively split into two parts propagating in opposite directions along the chain. Each part is a monochromatic wave with the frequency resonating with either symmetric or antisymmetric eigenmode. Further experimental work should be performed in order to support our theoretical predictions, which foresee useful devices for the filtering and splitting of sound waves at selected frequencies. The lattice sum (17) converges slowly since |H n (kld)| ∝ 1/ √ kld for l ≫ 1. It was shown in Ref. [31] that this lattice sum can be rewritten in the following equivalent form with much faster convergence:
Here B m is the Bernoulli polynomial, γ = 0.577 is Euler's constant and
These equations are true for n ≥ 0 and for any complex k with non-negative imaginary part. For n < 0, obviously, f −n = (−1) n f n . When Im k < 0, the original series (17) exponentially diverges. Eqs. (A1)-(A3) can be considered as analytic continuation of the original function F (n) to the lower semispace in the complex k plane. Also, in the case of complex values of k, the branch cut defining the square root in γ m must be properly chosen. The particular choice of the branch cut will be discussed in Appendix B below.
The scattering of sound by perforated cylinders vanishes when the acoustic impedance Z p → 0. This situation is different from the case of solid cylinders when absence of scattering requires matching of the impedance of the material of the cylinders and the impedance c 0 ρ 0 of the background fluid. Thus, the small parameter of the perturbation theory is impedance Z p that requires that the thickness of the shell h = a − b → 0. The latter condition is necessary but not sufficient, as it is seen from Eqs. (1) and (2) .
The coefficient S n in Eq. (13) approaches infinity when a → b and Z p → 0, so we rewrite the dispersion relation (18) in the form:
Since F (n ′ − n)/S n ≪ 1, the determinant of almost diagonal matrix in Eq. (B1) can be approximated by
The terms S −1 n in the series (B2) can be expanded over h = a − b and Z p . In the linear approximation, we obtain
It follows from Eq. (B3) that the expansion goes over two real (for inviscid fluid) dimensionless parameters
(1)) the parameters z, ǫ ∝ ω 2 . Because of this quadratic growth the approximation (B3) becomes invalid at high frequencies. Substitution of the expansion (B3) into the sum over n in Eq. (B2) gives the following result:
where the identities
were used. Now Eqs. (B1) and (B2) can be simplified to 1
In zero approximation, the right-hand side of Eq. (B5) vanishes, therefore the dispersion is obtained from the condition F (0) = ∞. It can be satisfied due to the resonant terms with γ m = −i k 2 − q 2 m in the denominator in Eq. (A1). One of the terms diverges if for any integer m ω = c 0 |q ± 2πm/d|, m = 0, 1, 2, . . . .
This recovers the linear dispersion for sound obtained in the empty lattice approximation. In the next approximation over z and ǫ the same resonant terms are left in the lattice sum
Looking for the level splitting near the Γ-point, the parameter k = ω/c 0 is represented as k = |2πm/d| + ∆k m , where ∆k m is a small correction.
the Γ-point q = 0. Taking into account the branch cut along the negative imaginary axis, the first and the second term in Eq. (B8) lie in the third and first quadrants, respectively. Introducing dimensionless variables x = q/κ m and y = ∆k m /κ m Eq. (B8) can be rewritten as follows:
Both sides of this radical equation lie in the same (third) quadrant, therefore it can be safely squared. Repeating this procedure two times, we come to a biquadratic equation over x 4x 4 + x 2 (1 − 8y 2 − 4y) + 4y 4 + 4y 3 = 0.
While it can be solved exactly, we are interested in the dependence y(x) in the region of small x and y. It is easy to get that y(x) can be written as a power series over (x/2) 
This relation is valid for small wavevectors, q << κ m . It, however, is not valid very close to the Γ-point where the group velocity ∂ω/∂q ∝ q −1/3 exhibits infinite growth. The region of validity is obtained from the condition Re ∆k m < q, which numerically gives q > q c ≈ κ m /20. Within the interval 0 < q < q c , shown by dashed line in the insert to Fig. 10 , the mode does not propagate. This region is so narrow that it is not resolved in the dispersion curves for the upper branch shown in Figs. 4 and 10 . Unlike the lower band, which exhibits the red-shift, the upper branch is not blue-shifted, and the gap opening
is asymmetric. Numerically the gap width ∆f ≈ 100 Hz given by this perturbation theory formula exceeds much the band gap of only 35 Hz shown in Fig. 4 . The reason is that the expansion in Eq. (B3) runs not over the ratio of impedances iZ p /ρ 0 c 0 but over the parameter z = πka 2 iZ p ρ 0 c 0 which is not small at all. Near ω = 2πc 0 /d its numerical value is as big as 0.95, that is why the perturbation theory gives a poor approximation. Nevertheless, this approximation is of principal importance since it explains the asymmetry between the lower and the upper band near the Γ-point. The asymmetric band opening and non-vanishing group velocity of the upper band have been recently reported for leaky surface acoustic [36] and electromagnetic [37] modes propagating along periodically corrugated surfaces. The eigenvalue problem for surface modes at the surface corrugations, having cylindrical symmetry with axis along z, and the eigenvalue problem for the periodic set of cylinders in Fig. 1 require similar expansions over cylindrical functions. Due to this similarity the spectra of leaky eigenmodes for these two geometries exhibit the same anomalies. 
